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Analytic Solution for Optimal Two-Impulse 180" Transfer
between Noncoplanar Orbits and the Optimal Orientation

of the Transfer Plane

Fana Ton Sun*
. NASA Electronic Research Center, Cambridge, M ass.

An analytic solution in closed form for the optimal two-impulse transfer through a range
angle of 180° with minimum total velocity impulse is presented. The solution is valid for the
transfer between two noncoplanar Keplerian orbits under arbitrary terminal conditions, in

a transfer plane of any arbitrary orientation.

The total impulse is further minimized by

optimizing the orientation of the transfer plane. A brief treatment of the coplanar case

is included following the general solution.

Numerical solutions under some typical terminal

conditions are also presented, and several modes of transfer compared. In the light of the
analytic solution and the numerical results, the effects of terminal conditions on the optimal

two-impulse transfer are discussed.

Nomenclature
A = distance between the terminal velocity constraining
) line and the radial axis
e = "unit vector
b = total velocity impulse
Ji = terminal velocity impulse ( = 1,2)
h = angular momeinitum vector (per unit orbiting mass)
n = ry/n .
r = position vector
v = velocity o
Av; = terminal velocity increment = v; — vo; (¢ = 1,2).
v = direction angle relative to the local radial direction
A = inclination of the velocity-increment plane to the
transfer plane
[ = strength of the Newtonian gravity field
pi = terminal parameter, defined by Eqs. (15), (z = 1,2)
v = local circular speed ratio = v/(u/r)¥/2
o = dihedral angle between the terminal orbit planes
w = inclination of the terminal orbit plane to the transfer
. plane ‘
Subscripts
0 = terminal condition, initial or final
1,2 = terminal point
h = component normal to the the plane of motion
J = pertaining to the joint type optimal orientation curve
r = radial component
0 = transversal component in the transfer plane
6 = transversal component in the terminal orbit plane
( )« = foot of perpendicular to the velocity constraining line
( s+ = two-impulse optimum
A = pertaining to velocity increment
Superscripts
( )* = critical (parabolic)

I. Introduction

HE two-impulse orbital transfer through a range angle
of 180° with minimum total velocity impulse is of both
theoretical and practical importance as it is usually the
simplest mode of economic transfer. However, no analytic
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solution is available so far, exeept in some highly restricted
cases, such as the coplanar transfer via Hohmann ellipse,!
or the transfer in the near vicinity of a circular orbit.1
Furthermore, when the two terminal orbits are noncoplanar,
the 180° transfer permits the choice of the transfer plane,
since the two terminal position vectors, being collinear, do not
determine the orientation of the transfer plane, and leaves
an additional degree of freedom at our disposal. Such a
feature is not found in non-180° transfers.

In the following, an analytic solution in closed form will be
first presented for the noncoplanar transfer in an arbitrary
transfer plane. The two terminal orbits are assumed to be
Keplerian, with no- restrictions on their eccentricities and
orientations, nor any restrictions on the terminal distances
and the initial and final orbital velocities. It is to be noted
that the general equation governing the two-impulse opti-
mum for an arbitrary non-180° range angle, known as the
optimum octic,®712 does not apply in the present case. It
is easy to see that Altman and Lee’s equations®? both reduce
to identities in the 180° transfer, and in Sun’s equation in the
oblique veloeity coordinates'? the real roots tend to infinity
as the range angle approaches w. In the following treatment,
instead of reformulating with some new variables, a geo-
metric approach in the velocity-space will be employed, and
the optimum law of equal slope'? will be applied. It will be
seen that such an approach leads directly to the analytic solu-
tion required, which is valid for any arbitrary transfer plane
containing the two terminal position vectors. The total
velocity impulse thus obtained will then be further minimized
by optimizing the orientation of the transfer plane for a fixed
oblique angle between the two terminal planes.

II. Optimal Transfer in an Arbitrary
Transfer Plane

Let the orientation of the transfer plane and those of the
terminal orbit planes each be specified by a unit normal vector
in the direction of the angular momentum vector of the
transfer trajectory or the orbit in the plane,

€ = h/h, € = h1/h1, €p = hg/kg (1)

and. denote the dihedral angle between the terminal orbit
planes by ¢, and their inclinations with the transfer plane
by wi and ws, 5o that

COST = €j1-€p, COSW) = €31-€4, COSWs = €p2-€ 2)
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Fig. 1 Geometry of 180° transfer between noncoplanar
orbits.

For convenience, we restrict the angles to be
0o 7w <m,— 7L<

where the positive direction for the angular measurement is
chosen to be from en to ep. Clearly, no generality is lost
by such restrictions, and we have

g = W — (3)

in all cases.

The transfer geometry in the position-space, and that in
the velocity-space are shown in Figs. 1 and 2. The problem
is to minimize the quantity

f= fl + f2 (4)
where

fi = ]V1 - VOil ('L = 1,2) (5)

when the terminal conditions specified by 7, rs, Vi, Ve, and
w; and w; are fixed. Before proceeding to the optimization,
two peculiar characteristies of 180° transfer are to be noted.
First, in a given Newtonian field, the scalar angular momen-
tum of the transfer trajectory is determined by the two
terminal distances, 71 and 7, only, hence independent of the
choice of the particular trajectory, in accordance with*8

h = [2urae/(r + 1) Y2 (6)

It follows that, for two fixed terminal points, the transversal
component of the transfer velocity at each terminal is a con-

stant, given by
2,[1.7'2/7‘1 v2 2/.LT1/7'2 12
= (221 A, = [2EV2
A <r1 + 7'2) ’ : <n + 7 @

This fact is manifested in the velocity-space by the two
constraining lines in the transfer plane, parallel to the radial
axis, one for each terminal, on which the tip of the transfer
velocity at that terminal.is to be confined!? (Fig. 2). Their
distances from the radial axis are given by Egs. (7). Second,
the two radial components of the terminal transfer velocities
are equal,® i.e.,

Vai=V, (8)
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Fig. 2 Geometry of velocity vectors for 2-impulse 180°
transfer.

As shown in Fig. 2, Qu and Qu are the tips of the two
terminal orbit velocity vectors, and @, and Q. are an arbitrary
pair of transfer points located on the respective constraining
lines. The line connecting @1 and @, is then necessarily
perpendicular to both constraining lines in view of Eq. (8).
Now by translating these two constraining lines with the
corresponding velocity-increment vectors rigidly attached
to each, until the points @, and Q. coincide, we obtain the
first simplified hodograph diagram of Fig. 3a. The problem
is then to minimize the total distance |Q@u@i] + |Qu@Q:| in the
velocity-space. As shown in Ref. 12, the optimum condition
is given by the equal-slope law, which, for the three-dimen-
sional case, may be written

sinyar = sin‘yas 9

where ya; and va: are the direction angles of AV; and AV,
measured from the respective local radial directions. Thus
by rotating the two velocity-increment planes, defined by r
and AV at each terminal, until they coincide with the transfer
plane, with the points Qu and Qe situated on the opposite
sides of the axis of rotation, which is the coinciding constrain-
ing lines, Eq. (9) indicates that under optimum condition,
the two velocity-increment vectors AVy and AV, are collinear.
The geometry is shown in the second simplified hodograph
diagram in Fig. 3b. It is interesting to note that the present
consideration has actually reduced the problem of two-
impulse optimal transfer to the popular Spider-Fly problem?
with the position-space replaced by the velocity-space.
Now with reference to the second simplified hodograph
diagram, the two-impulse optimal point Q«x can be readily
determined by straight line construction once the two termi-
nal velocity points Qn and Qg are located, and the analytic
solution follows immediately by using elementary coordinate
geometry. It is worth noting here that the minimum total
veloeity impulse fis may be determined from such a simpli-
fied diagram without first determining the two terminal im-
pulses, since it is simply the distance between the two points
Qu and Qp in the diagram. The principal results are sum-
marized below:

12 1 2
w5 = {[Vor + Vo2 + [(Voor? — 24, Vier cosw1d12)Y2 4+ (Voea® — 24,V 002 cosws + AR V22}V2E = <g> {[V(M + (~—~—)1/2 vm:] -+
1

2n 1/2 277/ 1/2 1 2 1/2 2 v2T)2}1/2
[<V0912 -2 {n i 1} vog1 COSW +- m) + (my2 <v0922 — 2{m} Voo2 COSWs + > } (10)

<f_> =14 <V0922 — 24,Ve2 cosws -+ Az2>1/2 =
fl sk N T/v0912 -—_ 2A1V091 COSwy + A12

<'7;> =1 + (V0612 - 2A1V091 COSW + A12
o/ wx Vo2 — 24,V coswe + Ao?

1/2
)=t o

2 1/2
voee® — 2 Vops COSWy + ———

1 n+ 1 +
()2 2—2 2n_{1 cosw; + 2n e
Yoor n+ 1 Yool 1 n+1
12
voor? — 2 {n?—b 1} Voor COSGL —I— 2n
5 (llb)

1/2
‘Yooz COSW + —
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Yar =

T — yaz = tan=1 [_ (Voor? — 241Voer cosen + ARV + (Voer? — 24,Voer cosws + A22)112]
g VOrl + V()rZ

on V2 on \¥2 |, 1 2 v 2 \v2
2 9 =" 2 __ —_—
. (voel 2{n i 1} voee COS®L + — T 1) + i (Voez 2 {n T 1} Yooz COS@y — - 1)

= tan - 1
vort + W Vor
(12)
Ay = sin? Vioor sinw, = sin™! L siney (13a)
(Voor> — 241Voer cosan + As%)Y? 2 _ gl 20 I L2 2
Vool {n 1 Voo COSW n+1
. - Voez sinwz . - V062 sinw;
= gin~1 = ain=tl

Az = sin (Vo2 — 24,V e cosws + AoH)Y? s . 2 1z 2 12 (13b)

voge® — 2 Yooz COSWy + ——

n+1 n+1

Note here the second form of each of the Egs. (10-13) is in
the nondimensional parameters vo, e:, @: ¢ = 1,2), and
n. For gymbols, see Nomenclature and Figs. 1-3.

HI. Optimal Orientation of the Transfer Plane

The optimal total velocity impulse fxs« in the preceding
solution, Eq. (10), will now be further minimized with respect
to the orientation of the transfer plane, defined by w: and
wy, for a fixed oblique angle o between the two terminal orbit
planes. The stationarity condition dfsx = O under the
constraint equation (3) yields the optimal orientation equa-
tion,

Sinwz* *

sinwl**

—n (1 = 2p2 coswas + P22>”2 (149
1 — 2p1'coswies + pi2

where
p = Al/Voel, p2 = Az/Voez, (15)

The pair of equations (3) and (14) determines the optimal
values wixx and wasx. Some typical optimal orientation
curves defined by Eq. (14) are shown in Fig. 4. The inter-
section of the straight line ¢ = const with the optimal curve
gives the optimal solution point for a given ¢. The locus
defined by Eq. (14) is symmetric with respect to the origin,
and contains more than the solution points. Figure 4 shows
only the branch of the locus in the 4th quadrant of the wy,w,
plane, pertaining to the absolute minimum fys solution. It
is evident that all solution points are confined in this quadrant,
and we have

n = 19/71

<

0L wux €0, —0 € W £0

The variation of the optimal angles wix+ and — wass with the
distance ratio n and the oblique orbital angle o are shown in
Figs. 5 and 6.

A study of the optimal orientation locus in the wi,w, plane
shows that it is either of the type A, or of the type B, as indi-
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Fig.3 Thesimplified hodograph diagrams for the optimal
2-impulse 180° transfer.

cated in Fig. 4. On the type A curve there is a maximum
lwses], and on the type B curve, a maximum wxs. Thus
under constant values of veen, vooe, and n, as ¢ varies from
zero to 180°, the optimal inclination of the transfer plane
with one of the terminal orbit plane is restricted, whereas
that with the other may vary in the full range of zero to 180°.
Under particular terminal ¢onditions, the curve may become
the J type, that is the joint type, which consists of a type A
branch and a type B branch joined at the point J, as shown
in Fig. 4. The type of the optimal orientation curve is deter-
mined by the values of Vier, Voes; and n, as depicted in the re-
gion diagram in the hodograph plane in Table 1. The coordi-
nates of the points of maximum inelinations (magnitudes) are
given in Table 2.

Before proceeding to further analysis it is well to note here
that the optimal condition (14) implies

Sil’LAQ/SinAl (16)

which can be readily seen from the hodograph geometry (Fig.
2). 'Thus, for optimal transfer, the inclinations of the two
velocity-increment planes with the transfer plane satisfy
Snell’'s Law of Refraction, with the distance ratio n as the
index of refraction.

IV. Coplanar Case

The preceding analytic solution holds for the noncoplanar
transfer as well as the coplanar transfer. In the latter case,
the transfer plane is of course the common orbital plane;

however, there are two subeases to be distinguished: 1) the
180}
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Fig. 4 'Typical orientation curves for the optimal transfer
plane.
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Table 1 Hodograph regions and the types of the optimal
orientation curves

REGION DIAGRAM BOUNDARY RELATIONS
V052
EI— Wi . A1
o6 Yop2 ~ Mool ¢ Yosl = @l 1)
n<l
2 _2n w2 2n -
GH vens = HT Yool Z oy {a-2) |
Do
i 2 _ 2 2 2
| 06 Vo T MVopr v Yosl X agmrry (3)
n>l
2 . 2 G 2
6T vVou1 T nmD) ¢ Vor2 2 Wl (at)
1
J
j oG Youl T Yonz £ 1 (4=5)
| n=1
‘ GHI o0l otz 2 b (a-6)
(region)
| o A Voo | |

Regions: A_, A carve type 2; on

I’ IT’
boundary and in region .1, notlvrdl curve
Shaded area, limited inclination with the Soit plane at slower terminal.

optimal curve type A; By, Byr, oitifw

two terminal orbits are of the same rotational sense, and 2)
they are of opposite senses. The former is characterized by
g = 0, the latter by ¢ = 7.

In case I, evidently we have wigs = 0, wiss = 0; the trans-
fer trajectory is of the same sense as that of the terminal
orbits. The solution is unique. In case 2, a study of the
hodograph geometry shows that there are two local minimal
solutions, one in each.sense. Solution I is given by wiss =
0, where the transfer is in the sense of the initial orbit;
whereas in solution II, given by wssxs = 0, the transfer is in
the sense of the final orbit. If no particular sense of motion
is preferred, then an absolute minimal solution may be chosen.
It is clear from the previous study of the optimal orientation
curves that solution I gives the absolute minimum fxs if the
curve is of type B, and that solution II will be so if it is of
type A. In case the curve is of the J type, then the two
minimal solutions give the same fx+, and we have a double
minimum. The analytic solutions for the coplanar case are
summarized in Table 3, which contain the Hohmann solution
as a particular case (¢ = 0, vo1 = voe = 0, vog1 = voee = 1).

V. Multiminimum Solution

The analytic solution for the optimal transfer in an arbi-
trary transfer plane is unique. However, as seen in the pre-
ceding section, a double minimum may arise in the case of the
transfer between two coplanar orbits of opposite senses.
Such a situation may also arise in the noncoplanar case when
the transfer plane is open:to choice. A study of the optimal
orientation locus, defined by Eq. (14) and graphically de-
picted in Fig. 4, shows that the constant-o line may cut the
optimal eurve in two distinet points when the latter is of the
joint type. In such a case there are two distinet transfer
planes for choice: one closer to the initial orbit plane, and
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Fig. 5 The optimal inclination of the transfer plane vs
the angle between terminal orbit planes.

the other closer to the final orbit plane; both yield the same
Ssx, a double minimum. As established in Ref. 12, no multi-
plicity higher than two may arise in the 180° transfer.

VI. Effects of Terminal Conditions on the
Optimal Solution

A. Primary Observations

Based on the analytic solution in Section IT and the optimal
orientation equation (14), two primary observations may
now be made: 1) The radial components of the terminal ve-
loeities have no effects on the optimal orientation of the trans-
fer plane, and they affect the total minimum velocity impulse
and the terminal velocity impulses only through their alge-
braic sum, but not individually; and 2) for a fixed oblique
orbital angle o, the optimal orientation of the transfer plane
is determined by the three ratios: pi, ps, and n, defined by
Eqgs. (15), or, equivalently, the three parameters: w1, voor,

and n.

B. Optimal Transfer Plane

An important feature of the optimal transfer plane, as
shown in Sec. ITI, is that, under fixed terminal conditions de-
fined by voe, voer, and n, its inclination with one of the terminal
orbit planes is usually highly limited (optimal orientation
curve of type A or B). When this is the case, the orientation
of the optimal transfer plane will never deviate too far from
that of one of the terminal orbit planes, whereas the oblique
orbital angle ¢ may vary from zero to 180°. The correspond-
ing terminal plane in such a case will be referred to as the
major orbit plane. A study of the region diagram in Table 1

Table 2 Coordinates of the points of maximum inclination of the optimal transfer plane

Hodograph
region

Coordinates

1 n2 2 1/2
AI COSwy g = ;‘, COSIwz**!max = n? pz [(1 —_ '_">( 7£z>] (B'l)
L

AII

(n < 1) coswiex = p1, COSlwalmax = n2py + [(1 — n2)(1 — n2p?)]12 (B-2)
1 2 1/2
(ntgll) cos(wrsdmax = o + [(1 — ;)(1 -2 ] s COSWa%. = Pz (B-3)
. . P b 1
B cos(@rsa)max = nips? I:( h ;Lsz—)< )] ’ C(f?wz** = ” . (BA)‘::. .
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Table 3 Minimum impulse solution for two-impulse 180° transfer between Keplerian orbits: coplanar case*

Symbol Terminal orbits of the same sense (¢ = 0)

Total Velocity 1/2 1 2 1/2l\ 2 J1/2
impulse, Jex [(wm + 1’0r2> (Vam - % + 7 vee: — { )S‘ ) :| (C-1a)
nondimensional (u/r)t }uz n+ 1 {n}rr2 n+1

2 >1lz 11
Initial-to-total f 1+ o (n + 1 (C-2a)
velocity impulse f g 9n ) 12
()2 mogy —
L ln+ 1 |
B on YU\
12 —_—

Final-to—total f_2 1 + (") (VOOI { } ) (C—Sa)

velocity impulse ( 172
L T \n + 1 i
2 V2

Direction angles _ Vo1 — <—) + 1 (e —
of terminal T(“Y_A‘Z’;’Zz);% tan~1 nt1 (n)l ’ ntl (C-4a)
increments vor 4 —— = )1/2 Vors

Symbol Terminal orbits of opposite senses (o = )

Total velocity v ; v
impulse, AL [(Von + VOrZ) <V091 + { } ’ Y17, Yoo = {L\El : )Z:I (C-1b)
nondimensional (w/m)1? }1:2 n+1 {n}u n + 1}

. -1
=+

Initial-to-total fi 14 700 (n + 1) ‘ (C-2b)
velocity impulse

RCECE il
n 172\ |7]=1
12 il

Final-to-total fa FI + () (V091 ¥ {n + 1} ) (C-3b)

velocity impulse ( 172
B voo2 = 1

Direction angles _ »061 T2 V002 £ <

of terminal (van)sx = tan—? ( ) ntl (C-4b)

increments 7 — (ya2)xs

vor + 12 (n)”z vora

2 Two solutions:

shows that the major orbit plane will be either at the terminal
closer to the field center (nearer terminal), or at the terminal
with higher transversal velocity component (fast terminal).
In the special case, wherein the terminal parameters voer,
voez, and n satisfy the boundary relations in Table 1, the
optimal orientation curve is of the joint type, and the dis-
tinction between major and minor orbit planes ceases to make

Table 4 Terminal eonditions and the major orbit plane

Terminal conditions® Major orbit plane

Ty Ty, 1) Voor > 4; At nearer terminal, regardless
Voor # Vier of Voez/Voer.
2) Voor < 4y At faster terminal, regardless
of n.
3) Veor = A; No distinetion.
ry T, 1) Ve > A; At nearer terminal.
Voor = Vome 2) Vo < 4 No distinction.
(*- Voe)
L= Ty, 1) Veer < A At faster terminal.
Vior # Veer and/or Vies
(4, = A, <A
=4) 2) Voor =2 A,  No distinction.
Voor > 4

r =1 Veor = Voge No distinction.

@ Voor = smaller one of Voo1 and Vogg; A; = smaller one of Arand A

upper signs for the transfer in the sense of the initial orbit;

lower signs, in the sense of the final orbit.

sense. Criteria concerning the major orbit planes are sum-
marized in Table 4.

When the terminal velocity parameters voor and ey are
fixed while n varies, the major plane will be at the final termi-
nal for values of n <ns, and at the initial terminal for n > n,,
where n; is the value of n on the boundary in the region
diagram (Table 1). The shift of the major plane from one
terminal to the other oceurs at n = n,.

Under constant terminal distances and transversal ve-
locities, the optimal transfer plane is close to the major orbit
plane at low values of ¢ close to zero and also at high values
of o close to 180°, and its maximum directional deviation
from the major plane usually occurs in the intermediate
range of ¢. At low o, the numerical difference between wyxs
and wess is small, of course. However, at large values of o
the optimal transfer plane will be far closer to the major plane
than to the other, if n is not close to n,.

As an illustration, we note from Figs. 5 and 6b that under
the terminal condition ve1 = voe: = 1 the maximum deviation
of the optimal transfer plane from the major plane, the initial
plane in this case, is about 5.25° when n = 1, which occurs at

= 45° and the maximum deviation from the major plane
does not exceed 5.265° for all values of n (0 to «), and ¢ (0-
180°). This case is worth notice as it embraces the popular
case of circle-to-circle transfer. The deviation is exceedingly
small in this particular case. However, it may become con-
siderably large under other terminal conditions. For ex-
ample, in the case of ver = 1, voge = 0.5, and n = 0.4, we
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found that the maximum deviation from the major plane is
about 47°, which oceurs at o == 90° (see Fig. 4).

C. Minimum Total Impulse

For comparison purpose, the minimum total velocity im-
pulses required for the transfer under several typical terminal
conditions were calculated from ‘the analytic solution for the
three modes of transfer: the transfer in the initial orbit
plane (@1 = 0), in the final orbit plane (w, = 0), and in the
optimal plane. The results are shown graphically in Figs.
7 and 8. These calculations were based on the assumption of
zero radial components of the terminal velocities. However,
the following. observations made on these results hold as well
for the case in which these components are nonzero, since
the presence of the radial components do not alter the optimal
transfer plane:

1) For a given angle between the terminal orbit planes,
the higher the distance ratio, the smaller the total impulse
ratio fex/(u/r)Y* required for all three modes of transfer.
Thus with a given departure terminal, the farther the target
terminal, the more economic is the transfer.

2) When the distance ratio increases under constant
terminal velocity parameters vm and ve, the optimal plane
solution first follows closely the final plane solution (w: = 0)
at low values of n, and then follows closely the initial plane
solution (w; = 0) at high values of n. The saving in the total
velocity impulse by optimizing the fransfer plane is seen to
be very small in the extreme ranges of values of n, very small
and very large. It becomes appreciable only in the inter-
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Fig. 7 The minimum total velocity impulse vs distance
ratio under different modes of transfer.

mediate range of n. This is true for all values of ¢. Figure
7 shows that in the case of voo = 1, v» = 2, and ¢ = 90°
this ranges from about » = 0.2 to 1.0, with a" maximum
saving of 5.89, at n = 0.88 where the initial plane solution
and the final plane solution are equal.

3) At constant terminal distances and terminal velocities,
the minimum total velocity impulse increases with the
oblique orbital angle ¢ for all three modes of transter.

4) Under the same conditions mentioned previously, the
optimal solution follows either the initial plane solution or
the final plane solution, depending on which is the major one,
throughout the whole range of ¢ = 0 to 180° (¢ does not
affect the location of the major plane!). The saving in
minimum total veloeity impulse by using the optimal transfer
plane is small at small o (close to 0), and at large ¢ (close to
180°), with significant saving occurring in some intermediate
range of ¢. In the case illustrated in Fig. 8, in which vy =
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Fig. 8 The minimum total velocity impulse vs the angle
between terminal orbit planes under different modes of
transfer, : ’
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1, ve = 2, and n = 3, this range is approximately ¢ = 5° to
150°, with a maximum saving of 5% at ¢ = 36°.

5) Under fixed terminal velocity parameters vo; and v the
difference between the initial plane solution and the final
plane solution increases monotonically with ¢ throughout
the range, 0-180°, at constant n, and this difference may be-
come quite large as o increases. At constant o, this differ-
ence is large at extreme values of n, very large or very small
(see Fig. 7).

VII. Concluding Remarks

In the light of the foregoing observations, the directional
deviation of the optimal transfer plahe from the major termi-
nal plane is generally small in the extreme ranges of n (very
high and very low) and ¢ (close to 0 or 180°). Thus, we
may say that in general the optimal orientation of the transfer
plane favors that of the major terminal plane in these extreme
ranges of terminal conditions, and the corresponding saving
in the total velocity impulse from optimizing the orientation
of the transfer plane is small. This justifies the planar
treatment of many cases that are actually noncoplanar and,
in particular, the case of transfers under eircular or near-
circular transversal terminal velocities (voor =2 1, vop2 =2 1), in
which the optimal transfer plane is seen to be close to the
major terminal plane throughout the whole range of terminal
conditions (n = 0-«, ¢ = 0-180°). However, when the
terminal transversal velocities are noncircular, the saving
in the total velocity impulse is appreciable in the intermediate
ranges of n and ¢, and the optimization of the transfer plane
is of significance.

Although the difference between the optlma,l plane solu-
tion and the major terminal plane solution is usually small,
the difference between the initial plane solution and the ﬁnal
plane solution may be very large. This is especially so when
the oblique orbital angle is large, and the distance ratio is
very low or very high. Thus, if no optimization of the
transfer plane is attempted, the choice of the transfer plane
from the two terminal orbit planes is of paramount impor-
tance. In this connection the criteria provided in the pre-
ceding section concerning the major terminal planes should be
helpful.

In orbital transfer problems in which the change of orbital
plane is necessary, it is a general belief that the change should
be made at the slower terminal, that is, where the terminal
orbit velocity is smaller. This implies that the optimal
orientation of the transfer plane generally favors that of the
orbit plane at the faster terminal. However, the present
analysis shows that this is not necessarily true in a 180°
transfer. First, it is the transversal components of the
terminal velocities that determine the major terminal plane,
not the total terminal velocities. Hence, in this connection,
the term faster or slower should refer to these components
only, not to the total terminal velocities. Second, the major
orbit plane, though it is located at the faster terminal in most
cases, there are velocity regions in which the orbit plane at
the slower terminal is the major one (see hatched area in
Table 1). Hence it is quite possible that the change of orbital
plane is to be made at the faster terminal.

In the planar treatment of the transfer problems, it is
generally assumed that the oblique orbital angle is either
zero or very small. The present analysis shows that such a
treatment should also be applicable to the cases where
o is close to 180°, since the directional deviation of the opti-
mal transfer plane {rom the major terminal orbit plane is
also small at high oblique orbital angle. Here again the
determination of the major orbit plane is important.

In all the foregoing analyses and discussions, it has been
tacitly assumed that the optimal solution is realistic, that
is, the optimal transfer trajectory contains no points at in-
finity. However, as shown in Ref. 12, an unrealistic opti-
mum may arise in the two-impulse transfer through any
arbitrary range ‘angle including 180°. In this connection,
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the following criteria for the 180° case is useful:

2u V2. .
[V, < iy realistic, elliptic
1

v ( 2p )”2 listi boli
r = - " + s realis IC, parapoiic
an

y 2t )" Lealistic, hyperboli
< - P 7_2\) realistic, hyperbolic

- ( 2u >”2 -

V.S + unrealistic
1+ 72

where V, is the radial component of the transfer velocity at

either terminal point, taken positive in the direction of r,

and, in the transfer in the optimal plane, it is given by

71V or1 CSCW1sx - 72V ora CSCWosks
VT** = z (18)

71 CSCWixx — ToCSCWagx

Thus the radial components of the terminal velocities, though
they have no effect on the optimal orientation of the transfer
plane when the optimal solution is realistic, play an important
role in determining the type and hence the nature of the
optimal transfer trajectory. Whenever an unrealistic opti-
mum arises, the realistic solution becomes indefinite, and the
radial components will further affect the optimal orientation
of the transfer plane, depending on the realistic optimum
trajectory .chosen.

Finally, it is to be noted that the present solution is optimal
under the assumption of fixed number of impulses, N = 2,
and fixed range angle, ¥ = 180°. No absolute optimality is
assured when N and/or ¢ are open to choice. Current re-
search?1011 indicates that the two-impulse, 180° solution is
indeed the global optimum in some cases, and there are also
other cases, where three or more impulses are more economical
than two impulses. Such extensive discussions, however, are
beyond the scope of the present paper.
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